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Abstract— In this paper we propose a procedure for detection of
single and multiple stuck-at faults in combinational circuits.
Faults in a combinational circuit are described by the stuck-at
fault model. Test signal propagation in a combinational circuit is
described by the use of the logical operation  . The problem of
automatic test generation is transformed into the SAT-problem.
The part of the combinational circuit used for test signal
propagation is described by a conjunctive normal form with
additional conditions defined by some previously introduced
logical relations. On the basis of the proposed procedure all test
vectors are obtained. The procedure is more efficient than the
well-known Boolean difference method, since, when activating a
path, only the part of combinational circuit to which the path
belongs is taken into consideration.

satisfiable solutions, especially concerning the time needed for
finding solutions. In that way SAT-based ATPG algorithms are
complements to structural testing methods [12]. In [13] tool
PASSAT is described. Its purpose is the detection of stuck-at
faults in combinational circuits. There is a special class of
algorithms where the same set of SAT instances is repeatedly
processed with different constraints [14]. A flaw of these SATbased algorithms is that they are rather time-consuming. The
automatic test pattern generator TIGUAN (Thread-parallel
Integrated test pattern Generator Utilizing satisfiability) is
based on a thread-parallel SAT solver [15]. TIGUAN can
detect stuck-at faults in large circuits which contain up to
several million gates.

Keywords: Combinational Circuits, Boolean Satisfiability,
Conjunctive Normal Form, Fault Detection, Stuck-at faults, Test
Vector.

By fault detection procedure we describe only a part of
combinational circuit by CNF. At first we write logical
relations for test signal propagation, and they uniquely define
additional constraints for solving CNF. More details about
logical relations which describe test signal propagation can be
seen in [16] and [17].

I.
INTRODUCTION
A combinational circuit can be represented by several types
of Boolean functions or formulas. The combinational circuit is
frequently described by a Boolean function given in a
Conjunctive Normal Form (CNF) because this form is suitable
for calculations. CNF formulas are easy for manipulation and
can be easily obtained from combinational circuits [1]. The size
of CNF grows linearly with circuit size.
Тhе Boolean Satisfiability Problem (SAT) is reduced to
checking whether there exist variables in the formula,
represented by CNF, for which the formula is true. It is proved
that SAT is NP-complete [2]. A class of solvers based on
Davis-Logemann-Loveland algorithms (DPLL) is well-known
[3]. This algorithm is a branching search algorithm with
backtracking and forms the framework for the development of
new SAT solvers, for example see [4], [5]. It finds solution if
and only if the CNF formula is satisfiable. For Automatic Test
Pattern Generation (ATPG) in combinational circuits with
stuck-at faults algorithms D algorithm [6], PODEM [7] and
FAN [8] are traditionally used. These algorithms are based on
the search for a test pattern which ensures the detection of the
desired fault. The problem of ATPG is transformed into SAT
problem [9]. ATPG using Boolean satisfiability was proposed
in 1990s, with using Boolean formula expressed in CNF,
without the analysis of circuit structure [10], [11]. For some
combinational circuits structural algorithms do not give

II. PRELIMINARIES
A conjunctive normal form of a Boolean function is a
conjunction of clauses, i.e. elementary disjunctions. Boolean
variables appear in clauses without or with negations. Clauses
may have different numbers of variables. For example, the
function f  (x1  x 3  x 4 )  (x1  x 2  x 3 )  (x1  x 3  x 4 ) is
represented as a CNF.
Basic logic elements can be represented by CNF. Table I
gives conjunctive normal forms for basic logical elements.
A combinational circuit can be represented by a unique
conjunctive normal form. One should label uniquely each line
in the combinational circuit. For each element g in
combinational circuit C we find a conjunctive normal form
according to Table I. CNF for the entire combinational circuit
is represented as a conjunction of conjunctive normal forms of
elements g1, g2, ...,gn  C:

(1)
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TABLE I. CNF FORMULAS FOR SIMPLE GATES.
Gate

Function
yx

CNF
(x  y ) (x  y)

y  x1  x 2  ...  x n
y  x1  x 2  ...  x n
y  x1  x 2

y  x1  x 2  .. .  x n
y  x1  x 2  ...  x n

(x1  y)  (x2  y)  ...  (xn  y) 
( x1  x 2  ...  x n  y )
( x1  y )( x 2  y ) ...  ( x n  y )
(x1  x 2  ...  x n  y)
( x1  x 2  y ) (x1  x 2  y )
(x1  x 2  y)  ( x1  x 2  y)
(x1  y ) (x2  y ) ...  (xn  y )
( x1  x 2  ...  x n  y)
(x1  y)  (x 2  y)  ...  (x n  y) 
(x1  x 2  ...  x n  y )

Fig. 1 shows a combinational circuit by which test vectors
for a single fault are determined.

Consider any line h from which a unique path leads to the
output of the combinational circuit. Let h/0 and h/1 be signals
of the fault 0 and 1 respectively. We have already mentioned
that a test vector detects a single fault if the output signals of
the fault free and faulty circuit are complementary. Obviously,
the test vector, which detects the fault h/0, generates at line h a
signal of value 1 in a fault free circuit, and vice versa. In
addition, at each line of a sensitive path in a fault free circuit
the test vector generates a signal complementary to the fault
signal. A signal which at a line has value 0 in a fault free circuit
and value 1 in an faulty circuit, and vice versa, is called a test
signal. This signal is transferred from the faulty line to the
output of the combinational circuit along a path. This path is
called an active or a sensitive path. In order to detect a single
fault one should find one or several input vectors of the
combinational circuit in such a way that the path between the
fault line and the output line of the circuit is active.
The values of test signals are denoted by D and C. Test
signal D has value 1 in a fault-free combinational circuit, and it
has value 0 in a faulty combinational circuit. Test signal C has
value 0 in a fault-free combinational circuit, and it has value 1
in a faulty combinational circuit. Test signals have values from
the set {0,1,C,D} where C,D{0,1}. The set {0,1,C,D} and
operations +,  and ¯ represent a Boolean algebra if the
operations are defined by the following tables:
TABLE II. OPERATION “+ ”
+

0

1

C

D

0

0

1

C

D

1

1

1

1

1

C

C

1

C

1

D

D

1

1

D

Figure 1. Boolean difference.

Block C0 represents a fault-free combinational circuit, while
the circuit with a fault is represented by block C1. A fault free
combinational circuit has an arbitrary number of input lines and
only one output line. On output line y test vectors generate the
value 1 in the case when the fault F1 appears in the circuit C1
For combinational circuit on Fig. 1 we find CNF and in this
way the problem of automatic generation of tests ATPG is
transformed into problem SAT. We apply a SAT-solver to
solve CNF. Thus, test vectors are obtained by determining
conditions under which CNF has value 1. A solution exists if
each clause is satisfied, i.e. if for each clause at least one
variable has value 1. A formula is contradictory if there do not
exist variable values which satisfy the formula and in this case
test vectors do not exist.
III. ACTIVE PATHS METHOD
The procedure for the single stuck-at fault detection in a
combinational circuit is based on the following two conditions.
First, one should generate the faulty line a test signal whose
value is opposite to the fault signal. Secondly, one should
enable the test signal propagation to the output line of the
combinational circuit, which means that the path from the
faulty line to the output line must be active. Such an approach
to fault detection is known as the path sensitization method.

TABLE III. OPERATION “”


0

1

C

D

0

0

0

0

0

1

0

1

C

D

C

0

C

C

0

D

0

D

0

D

TABLE IV. OPERATION “¯”
_

0

1

C

1

0

D

D
C

Consider now logic gate G with n input lines and output
line v. Gate G can be OR, NOR, AND or NAND. Suppose that
test signals of value D or C appear on input lines u1,u2,…,up of
gate G, while propagation signal values 0 or 1 appear on the
remaining lines z1,z2,…,zq (p+q=n).
The test signal propagation to the output line v can occur in
the case when test signals of the same value (D or C) appear on
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input lines u1,u2,…,up, while signal values on the remaining
lines z1,z2,…,zq must have 0 for gates OR and NOR, and value
1 for gates AND and NAND.
Consider the situation presented in Fig. 2. Test signal value
D appears on r input lines of the gate G, while value C appears
on s input lines. Lines z1,z2,…,zq have propagation signal
values for gate G.

.
.
. ur
ur+1

D
C

C

.
.
. ur+s

.
.
.

v

G

zq

Figure 2. Test signals with distinct values.

Suppose that gate G on Fig.2 is an OR gate.
Test signal of value D is propagated to the output line v
according to the relation
(u1=D)…(ur=D)(ur+1=0)…(ur+s=0)
(z1=0)...(zq=0)  (v=D)

Test signal value C is propgated to the output line v
according to the relation
(3)

Analogously to the above analysis, for the propagation of
the test signal of value C to the output line v can write 2 s - 2
relations.
The following logical relations hold:
for NOR gate
(u1=D)…(ur=D)(ur+1=0)…(ur+s=0)
(z1=0)...(zq=0)  (v=C),
(u1=0)…(ur=0)(ur+1=C)…(ur+s=C)
(z1=0)...(zq=0)  (v=D).

(7)

(u1=D)…(ur=D)(ur+1=1)…(ur+s=1)
(z1=1)...(zq=1)(v=C),

(8)

(u1=1)…(ur=1)(ur+1=C)…(ur+s=C)
(z1=1)...(zq=1)  (v=D).

(9)

Example 1. Determine test vectors detecting a single fault
h/1 in the combinational circuit in Fig. 3.
x1

3

x2

4

e

(2)

Test signal value C appearing s times in relation (2) is
replaced by 0. Hence, test signal values D appear r times in
relation (2), while the remaining s + q (r + s + q = n) input lines
of the gate OR must have values of propagation signals. For the
propagation of the test signal of value D to the output line one
can write 2r-2 relations. Test signal of value C is propagated to
the output line v according to the Relation

(u1=0)…(ur=0)(ur+1=C)…(ur+s=C)
(z1=0)...(zq=0)  (v=C)

(u1=1)…(ur=1)(ur+1=C)…(ur+s=C)
(z1=1)...(zq=1)  (v=C).

IV. FAULT DETECTION
In this paper we propose a procedure for the detection of
single stuck-at faults in combinational circuits, in which active
path method is used. The problem of ATPG is transformed into
SAT problem. The path for test signal propagation is described
by CNF, with taking into consideration additional constraints
with the aim of path activation. The propagation of test signals
in combinational circuit is described by logical relations,
whereby logical operation  is used. On the basis of logical
relations we determine additional constraints which are needed
for solving CNF. Logical relations are written for a part of
combinational circuit, which is described by CNF. It represents
an advantage of the proposed procedure.

z1
propagation
values

(6)

for NAND gate

u1
u2

D
D

(u1=D)…(ur=D)(ur+1=1)…(ur+s=1)
(z1=1)...(zq=1)(v=D),

(4)
(5)

y

x3
x4

1

x1

5
f
h

2

Figure 3. Combinational circuit

We describe a combinational circuit by CNF. On the basis
of Table I we have:

(x 3  h) (x 4  h) (x 3  x4  h)
 (x1  e) (x 2  e) (x1  x 2  e)
 (x1  f ) (h  f ) (x1  h  f)
 (e  y) (f  g) (e  f  y)

.

(10)

The signal having the value C should be generated on the
faulty line h. The only way from the faulty line to output line is
(h, f, g). Logical relations defining conditions for test signal
propagation to the output line i of the combinational circuit are:
(h  C)  (5  1)  (f  C)

(1 1 )

(f  C)  (e  0)  (y  C)

(1 2 )

for AND gate
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On the basis of relations (11) and (12) we determine
additional constraints: h=C, 5=1, f=C, e=0 and y=C. We put
these constraints into CNF (10):

(e  D)  (f  D)  (g  D)

(17)

(g  D)  (5  1)  (y  D)

(18)

(x 3  C) (x 4  C) (x 3  x4  C)
Relations (15) – (18) define additional constraints, which
enable solving CNF.

 (x1  1) (x 2  1) (x1  x 2  0)
 (x1  C) (C  C) (x1  C  C)

(x1  D) (x 2  D) (x1  x 2  D)

 (1  C) (C  C) (0  C  C) .

(13)

In this way we get:

 (D  D) (D  D) (D  D  D)

(x1  x 2 ) (x 3 ) (x 4 ) .

 (D  D) (x 5  D) (D  x 5  D)

The above CNF is satisfied by the following values for x1,
x2, x3 and x4: 0000, 0100 and 1000. Combination 1000 is
rejected, because x1 cannot have value. In the relation (11)
there is the following condition: (5=1). Accordingly, the set of
test vectors which detect fault h/1 is {0000, 0100}.
This procedure enables the determination of all test vectors
for a single stuck-at fault. Comparing with the method of
Boolean difference, the proposed procedure is less complex
because the number of clauses in CNF is significantly reduced.
In the next example a double fault is located on two paths
in the combinational circuit, the two paths having some lines in
common.
Example 2. Let us detect the double fault {1/0, 3/0} in
combinational circuit on Fig. 4.
x1

1

x2

2
e

g
y

f
x3
x4

 (x 3  D) (x 4  D) (x 3  x4  D)

3

x5

5

4

Figure 4. A double fault in a combinational circuit.

We describe a combinational circuit by CNF. On the basis
of Table I we have:

(x1  e) (x 2  e) (x1  x 2  e)
 (x 3  f) (x 4  f) (x 3  x4  f )
 (e  g) (f  g) (e  f  g)
 (g  y) (x 5  y) (g  x 5  y)

.

(14)

To lines 1 and 3 we associate the test signals, having values
opposite to the fault signals. We have relations:

(1  D)  (2  1)  (e  D)

(15)

(3  D)  (4  0)  (f  D)

(16)

.

(19)

In this way we get x1=1, x2=1, x3=1, x4=0 and x5=1.
Accordingly, the set of test vectors {11101} detect double fault
{1/0, 3/0}.
For determining the rest of test vectors we use the
following logical relations:
(e  D)  (f  0)  (g  D)

(20)

(e  0)  (f  D)  (g  D)

(21)

On the basis of the above relations we get constraint values
which are included in (19).
On the basis of logical relations we determine additional
constraints which are needed for solving CNF. Logical
relations are written only for a part of a combinational circuit,
which is described by CNF, and it represents an advantage of
the proposed procedure. Nowadays efficient SAT solvers are
on disposal for big CNFs. SAT solvers are constantly
improved, so that nowadays they are able to solve formulas
with many thousands of variables and millions of clauses. With
the aim of efficient solving CNF formula a greater number of
heuristic methods is also proposed.

V. CONCLUSION
In this paper we propose a procedure for the single stuck-at
fault detection in combinational circuits. With the aim of fault
detection a path of test signal propagation is determined, from
the faulty line to the output line of the combinational circuit. In
applying the proposed procedure we go only forward, thus
avoiding the problem of unsuccessful steps, which appear in
structural testing methods. Writing logical relations for the test
signal propagation is easier, since one uses only operation “”.
For the choosen path the Boolean expression in Conjunctive
Normal Form is written. On the basis of logical relations we get
additional constraints, which are needed for solving CNF. In
that way test determination is transformed into the
determination of the variable values in the Boolean formula,
and only of those which satisfy the formula. Comparing with
the method of Boolean difference, the proposed procedure is
less complex because the number of clauses in CNF is reduced.
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